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Abstract
We evaluate zeta-functions (s) at s = 0 for invariant non-minimal 2nd-order
vector and tensor operators dened on maximally symmetric even dimensional
spaces. We decompose the operators into their irreducible parts and obtain
their corresponding eigenvalues. Using these eigenvalues, we are able to ex-
plicitly calculate (0) for the cases of Euclidean spaces and N -spheres. In
the N -sphere case, we make use of the Euler-Maclaurin formula to develop
asymptotic expansions for the required sums. The resulting (0) values for











The eective potential formalism has been used by Appelquist and Chodos [1] to consider
the problem of spontaneous compactication in Kaluza-Klein theories, with the hope of
explaining the smallness of the extra dimensions using quantum eects. It was soon realized
that in this approach the results were dependent on the choice of the gauge condition [2].
This problem was resolved [3] by the introduction of a new eective action, rst formulated
by Vilkovisky [4] and DeWitt [5]. This eective action, now known as the Vilkovisky-
DeWitt(VD) eective action, has the merit of being gauge choice independent.
However, progress in compactication has been slow [6]  [7], because even at the one-
loop level the VD eective action involves the determinants of operators with complicated
non-local terms. In [8], we considered the six dimensional case for a general background
spacetime using the method of Barvinsky and Vilkovisky [9] to deal with the non-local terms.
Due to the complexicity of this calculation, it is quite impossible to push this method to
higher dimensions.
The situation can be improved if one chooses the Landau-DeWitt gauge. Since the VD
eective action is independent of gauge choice, one can of course choose whatever gauge is
convenient to work with, without altering the nal result. In the Landau-DeWitt gauge the
non-local terms are identically zero [10]. Although the operators simplify tremendously, they
remain non-minimal (see [9] and [11]), that is, they involve 2nd-order covariant derivative





































































)=2. Here we have included the most frequently encountered
non-minimal second-order terms.
2
Using -function regularization the one-loop quantum contribution to the eective action








(0)   (0) ln ; (1.3)
where  is the renormalization scale. As a rst step towards obtaining the VD eective
action, we shall in this paper concentrate on the evaluation of the zeta-function (s) at
s = 0 for the non-minimal vector and tensor operators in even dimensions. Of course, these
considerations will also be useful in the usual eective action formalism when one chooses
to work with gauges other than the Feynman gauge where the operators are minimal.





in maximally symmetric spaces, by decomposing the eigenfunctions forM
V
into
transverse and longitudinal parts, and for M
T
into transverse-traceless (TT ), longitudinal-
transverse-traceless (LTT ), longitudinal-longitudinal-traceless (LLT ) and trace (TR) parts
[12]. In Section III, we explicitly evaluate (0) in Euclidean space. Then in Section IV, we
extend the results to N-spheres using the Euler-Maclaurin formula to develop asymptotic
expansions for the relevant summations [13]. Finally, the conclusions are given in Section
V. In the Appendix we summarize (0) values for various cases.
II. EIGENVALUES IN MAXIMALLY SYMMETRIC SPACES














we must rst obtain eigenvalues for these operators. Here we assume that our background
spacetime is a maximally symmetric space in which the Riemann tensor, the Ricci tensor,














= (N   1)g

; (2.3)
R = N(N   1) ; (2.4)
where N is the dimension of the space and  is a constant.
A. Vector Case
We rst consider the vector operator M
V
of (1.1). For M
V
to be invariant in maximally
symmetric spaces, the function P






























= 0 ; (2.6)
and a longitudinal part L







































= (   P )T

; (2.9)




























; ]S : (2.10)
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+    ; (2.11)

































) +    : (2.12)
The commutator in Eq. (2.10) becomes,
[r




















= [ (1  a) + P   a(N   1)]L

: (2.14)
Using Eqs. (2.9) and (2.14) one can obtain the eigenvalues of the vector operator M
V
when
the corresponding eigenvalues for the Laplacian are known.
B. Tensor Case
Similar consideration can be applied to the invariant tensor operator M
T
. In maximally
symmetric spaces, the functions P








































































can be decomposed [12] into:











= 0 ; (2.18)























= 0 ; (2.20)

















































































































































































































We see that the second term in Eq. (2.25) involves g


























, which belongs to the LLT part. Hence, the functions in the LLT part and







=N). To nd the eigenfunctions and the corresponding eigenvalues one must take the
appropriate linear combinations of the functions in these two parts. In the following sections
we shall demonstrate explicitly how this can be done for Euclidean spaces and N-spheres.
III. -FUNCTIONS ON EUCLIDEAN SPACES
In this section, we calculate the -functions for the vector and tensor operators in N-
dimensional Euclidean spaces. In this simple case where  = 0, the eigenvalues for the
Laplacian are just  k
2
, with the eigenfunctions Fourier transformed to momentum space.
A. Vector Case
For the vector operator, from Eqs. (2.9) and (2.14), there are (N   1) eigenfunctions in





  P ; (3.1)





  P : (3.2)


































































































































For the tensor operator, there are
1
2






  P ; (3.7)













  P : (3.8)







































The functions in the LLT and the TR parts are coupled together as shown in Section II. By
diagonalizing the matrix of which the elements are given by the coecients in Eqs. (2.25)












































































are not polynomials in k
2
, it is very dicult to do the k-integral to obtain







































































However, we are interested in the -function at s = 0, and this depends only on the small 
behavior in the integrand of the  -integral like the one in Eq. (3.4). To extract the small 
behavior from the integral over k, we need only to concentrate on the part of large k. Hence,




as power series in 1=k
2
, and we shall see in the following that only




































































+    ; (3.20)








































































































































+   

+   
#
: (3.21)











!  : (3.22)
In this power series form, the integrations over k and  can be performed. To be explicit,





















































+    : (3.23)
We have left out the terms which, after the integration over  , will vanish when the limit





















Using this result and Eq. (3.23), the sum of the -functions for the LLT and the TR parts








































































































are given in Eqs. (3.13) and (3.15) with N = 2.
One can extend this procedure to higher even-dimensions. However, the number of terms
involved increases very quickly and the answers are too lengthy to be written down in any
10







= 0, and with dimensions up to ten. This case is of special interest because the
tensor operator with these parametrization corresponds to the graviton operator in Einstein










































is the graviton eld, and a
2
! 1 gives the Landau-DeWitt gauge that we have
mentioned in Section I.
IV. -FUNCTIONS ON N-SPHERES
In this section we extend the considerations of the last section to N-spheres. We use the






where r is the radius of the sphere.
A. Vector Case
From [12], the eigenvalues and the degeneracies for the Laplacian of the transverse part













l(l+N   1)(2l +N   1)(l +N   3)!
(N   2)!(l + 1)!
; (4.3)

















where l = 1; 2; 3;   . Putting these into Eqs. (2.9) and (2.14), we obtain the eigenvalues for





l(l+N   1)  1
r
2




















































































































































Since we just want to evaluate -functions at s = 0, we can concern ourselves with the small
 behavior of the integrand above. It is sucient to have an asymptotic expansion of the


























are the Bernoulli numbers. Using this formula, the sum in 
T
2















+O( ) : (4.12)
When this asymptotic expansion is put back into Eq. (4.10), the terms with order  or higher


















































































We have extended this procedure up to N = 10, and the result is summarized in the
Appendix.
B. Tensor Case














(N + 1)(N   2)(l +N)(l   1)(2l +N   1)(l + N   3)!
2(N   1)!(l + 1)!
; (4.16)













l(l +N   1)(2l +N   1)(l +N   3)!
(N   2)!(l+ 1)!
; (4.17)
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(2l +N   1)(l +N   2)!
l!(N   1)!
; (4.18)













(2l +N   1)(l +N   2)!
l!(N   1)!
; (4.19)
with l = 0; 1; 2;   . Thus, from Eqs. (2.23) and (2.24), the eigenvalues for the TT part of





l(l+N   1)  2
r
2





























(N). One can see that they are very similar to the ones in the







(0), of the tensor operator using the same method as in the case of


























For the LLT and the TR parts, the situation is more complicated because the functions
are coupled together. As in the Euclidean case, we can obtain the following relations for the


























+Dl + E) ; (4.24)
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where












+ (N   1)(a
1
  2)  2 ; (4.27)















+ (N   1)
2
A ; (4.30)
D =  (N   1)(Pr
2






  (N   1)(2  N)Qr
2




  2) + (N   1)(2  N) ; (4.31)















(N) are the same because they are both
concerned with scalar functions, L and H


. However, l starts from 2 in the LLT part,
while l starts from 0 in the TR part. Thus the cases with l = 0 and 1 in the TR part have























































































































































+Dl + E)] : (4.38)
Since the eigenvalues are not polynomials in l, we cannot (as in the vector case) apply
the Euler-Maclaurin formula directly to obtain the asymptotic series in  . As was done




as power series in 1=l, and then use the






































































+    : (4.39)
There is no l
2
term in this expansion because we have explicitly subtracted it out. The l
term also vanishes as a result of the form of  and B in Eqs. (4.26) and (4.29). With this

















































































































+   
!
+   
#
: (4.40)














!  : (4.41)
In this form, one can now apply the Euler-Maclaurin formula to obtain an asymptotic series







































+    : (4.42)
Again we have left out the terms which, after the integration over  , will vanish when the
limit s ! 0 is taken. Putting the expressions from Eq. (4.25) to Eq. (4.32), with N = 2,














































































































































































where  and A are given in Eqs. (4.25) and (4.28) with N = 2. One can extend this






= 0 are listed in the Appendix.
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V. CONCLUSIONS
We have shown how to evaluate the zeta-function at zero, (0), for certain non-minimal
vector and tensor operators. The procedure is to rst decompose the vector and tensor
functions into their irreducible parts. For vectors there are the transverse (T ) and the
longitudinal (L) parts. For tensors there are the TT , the LTT , the LLT and the TR parts.
Then evaluate the eigenvalues for the various parts for each operator. Due to the fact that
the tensor operator is non-minimal, the LLT and the TR parts are in fact coupled together
and the eigenvalues for these two parts are complicated. However, we have shown that it is
still possible to obtain (0) by use of the appropriate series expansion for the eigenvalues.
Using this procedure we explicitly evaluated (0) for Euclidean spaces and N-spheres for
even dimensions up to ten, and summarized the results in the Appendix.
Although the above procedure gets more tedious as one goes to higher dimensions, there
is no conceptual diculty in doing so. One can extend this method to dimensions higher




Kaluza-Klein spacetimes [11], and to more general
coset spaces for which eigenvalues of the corresponding Laplacians are known.
The method developed here is general enough to be useful in many circumstances when
one-loop quantum eects are calculated in gauge theories with general gauge conditions.
What we have in mind in particular is the calculation of the VD eective potentials in
Kaluza-Klein spaces. We are also interested in using the VD formalism to evaluate the
gauge-independent conformal anomaly for gravitons [14]. The explicit evaluation of this
conformal anomaly in dierent spacetimes will be possible by making use of the -functions
derived here.
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For N -dimensional Euclidean spaces, the -function values for M
V




















is the volume of the N -dimensional space.






















































































































































































































For the N -dimensional Euclidean spaces, where N = 2; 4; 6; 8; 10, the -function values
for M
T
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